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Abstract
The Bel-Robinson tensor B and the tensor V have the same quasilocal
energy-momentum in a small sphere. Using a pseudotensor approach to eval-
uate the energy-momentum in a half-cylinder, we find that B and V have dif-
ferent values, not proportional to the ‘Bel-Robinson energy-momentum’. Fur-
thermore, even if we arrange things so that we do get the same ‘Bel-Robinson
energy-momentum’ value, the angular momentum gives different values using
B and V in half-cylinder. In addition, we find that B and V have a different
number of independent components. The fully trace free property of B and V
implies conservation of pure ‘Bel-Robinson energy-momentum’ in small regions,
and vice versa.
1 Introduction
In attempts to identify a good physical expression for the local distribution of gravita-
tional energy-momentum there have been many different approaches which are similar
to Einstein’s [1]. For example, those of Landau-Lifshitz [2], Bergmann-Thomson [3],
Papapetrou [4] and Weinberg [5]. Most of them deal with the Einstein equation:
Gµν = κTµν , where κ is a constant, Gµν and Tµν are the Einstein and stress tensors.
One can define a superpotential with a suitable anti-symmetry Uα
µν ≡ Uα[µν] and
remove a divergence of Uα
µν from Gµν to define the gravitational energy-momentum
density
2κtα
µ := ∂νUα
[µν] − 2√−g Gαµ. (1)
Note that tα
µ is a pseudotensor [6]. Using the Einstein equation, we have a total
energy-momentum density which satisfies
∂νUα
[µν] = 2κT αµ = 2κ(Tαµ + tαµ), (2)
where Tα
µ =
√−g Tαµ and hence, due to the antisymmetry of Uα[µν], is automatically
conserved, i.e., has a vanishing divergence.
The proposed criteria for testing quasilocal expressions include: (i) limit to good
weak field values (i.e., linearized gravity). (ii) good asymptotic values both at spatial
and null infinity. We emphasize that the criteria for these two are not very restric-
tive; they only test the quasilocal expression to linear order. (iii) positivity (i.e.,
globally) is a strong test but is not easy to achieve, (iv) small region inside of matter:
the quasilocal energy-momentum expression should, by the equivalence principle, re-
duce to the material source terms. Most classical pseudotensors pass this test. (v)
small region in vacuum: positivity for the first non-vanishing parts of the quasilocal
expression. This depends on the gravitational field non-linearly, and hence it can
give a discriminating test of the expression; it is quite non-trivial but not impossibly
difficult.
Positive quasilocal gravitational energy should hold not only on a large scale but
also on the small scale [7]. However it is generally not at all easy to prove that a
particular expression enjoys this property. A good test case is the small region limit.
This will be our concern in this work. Here we consider specifically the pseudotensor
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expressions. For a small region, one can expand the energy-momentum density in
Riemann normal coordinates (RNC) about the origin:
T αβ(x) = Tαβ|0 + ∂µT αβ |0xµ + 1
2
∂2µνTαβ |0xµxν + ...
= Tα
β|0 + ∂µTαβ|0xµ + ...+ tαβ |0 + ∂µtαβ|0xµ + 1
2
∂2µνtα
β |0xµxν + ....(3)
By construction tα
β|0 and ∂µtαβ |0 vanish in vacuum. Consequently, for small xµ inside
of matter the Tα
β and ∂µTα
β terms dominate (this is a reflection of the equivalence
principle). In vacuum regions all the Tα
β terms vanish, then the lowest order non-
vanishing term is 1
2
∂2µνtα
β |0xµxν . This is the object on which we focus our attention
in this work. It turns out that for all the proposed pseudotensors and quasilocal
energy-momentum expressions this fourth rank tensor is quadratic in the Riemann
(equivalent in empty space regions to the Weyl) tensor. That is why the quadratic
curvature expressions become interesting and important (i.e., ∂2µνtα
β ≃ R....R....).
Normally, the expansion of a pseudotensor expression up to second order can only be
some linear combination of three tensors {B, S,K} or {B, V, S} [6, 8, 9] which are
each certain quadratic expressions in the curvature.
According to a review article (4.2.2 in [7]): “Therefore, in vacuum in the leading r5
order any coordinate and Lorentz-covariant quasilocal energy-momentum expression
which is non-spacelike and future pointing must be proportional to the Bel-Robinson
‘momentum’ Bµλξκt
λtξtκ.” Note that here tα is timelike unit vector and ‘momentum’
means 4-momentum (see (28)). This is a strong test. The Bel-Robinson tensor B
has many nice properties such as fully symmetric, traceless and divergence free [10].
It is known that B contributes positivity in a small sphere region and perhaps it
may thought that it is the only one. However, we recently proposed an alternative V
(see (18)) which has the identical ‘Bel-Robinson momentum’ at the same limit, i.e.,
(Bµλξκ − Vµλξκ)tλtξtκ ≡ 0. Confined to a small spherical or cubical regions [11], B
and V cannot be distinguished. One may suspect that V is redundant because B can
manage all the jobs. But we claim not.
As the basic requirement for the quasilocal energy is any closed 2-surface, we
examined the energy-momentum and angular momentum in other regions (see Table
1). We find for the energy in a small half-cylinder when h 6= √3a give different
values if substituting t by B and V , which means that they are distinguishable.
Only for one particular ratio h =
√
3a, B and V both give the same ‘Bel-Robinson
momentum’ value, however we lose the distinction between them again. Therefore
we turn to examining the angular momentum in a small half-cylinder, and show that
when replacing t by B and V in the angular momentum expression they contribute
different values, thereby clarifying that the two tensors are really distinguishable.
Here we remark that some components of the angular momentum in a hemi-sphere
show that B contributes a null result while V gives non-zero values (see section 3.2).
The reason comes from the fully symmetric property of B, while V only has some
certain symmetry property (see (19)). Consequently, V is non-replaceable.
2 Technical background
Using a Taylor series expansion, the metric tensor can be written as
gαβ(x
λ) = gαβ |xλ
0
+ ∂µgαβ|xλ
0
(xµ − xµ0 ) +
1
2
∂2µνgαβ |xλ
0
(xµ − xµ0 )(xν − xν0) + ..., (4)
where the metric signature is +2. For simplicity, let xλ0 = 0 and at the origin in RNC
gαβ|0 = ηαβ , ∂µgαβ|0 = 0, (5)
2
−3∂2µνgαβ|0 = Rαµβν +Rανβµ, −3∂νΓµαβ |0 = Rµαβν +Rµβαν . (6)
Three basic tensors [6, 8, 9] that commonly occurred in pseudotensors are:
Bαβµν ≡ B(αβµν) := RαλµσRβλνσ +RαλνσRβλµσ − 1
8
gαβgµνR
2, (7)
Sαβµν ≡ S(αβ)(µν) ≡ Sµναβ := RαµλσRβνλσ +RανλσRβµλσ + 1
4
gαβgµνR
2, (8)
Kαβµν ≡ K(αβ)(µν) ≡ Kµναβ := RαλβσRµλνσ +RαλβσRνλµσ − 3
8
gαβgµνR
2, (9)
where R2 = RρτξκR
ρτξκ.
It may be worthwhile to mention that B has a very good analog with the electro-
magnetic energy-momentum tensor Tµν . In Minkowski coordinates (t, x, y, z):
T00 =
1
2
(EaE
a +BaB
a), (10)
T0i = δijǫjabE
aBb, (11)
Tij =
1
2
[
δij(EaE
a +BaB
a)− 2(EiEj +BiBj)
]
. (12)
where ~E and ~B refer to the electric and magnetic field density. In order to appreciate
the nice properties of B, we compare the energy density with S and K
B0000 = E
2
ab +H
2
ab, S0000 = 2(E
2
ab −H2ab), K0000 = −E2ab + 3H2ab, (13)
where the evaluation has used the electric part Eab and magnetic part Hab, defined in
terms of the Weyl tensor [12]: Eab := Ca0b0 and Hab := ∗Ca0b0, where ∗Cαβµν means
its dual. Likewise for the linear momentum density (i.e., Poynting vector)
B000i = 2ǫijkE
jdHkd, S000i = 0, K000i = 2ǫijkE
jdHkd. (14)
Finally, the stress,
B00ij = δij(EabE
ab +HabH
ab)− 2(EidEjd +HidHjd), (15)
S00ij = −2
[
δij(EabE
ab −HabHab) + 2(EidEjd −HidHjd)
]
, (16)
K00ij = δij(5EabE
ab − 3HabHab)− 4EidEjd. (17)
We observe that summing up S and K has exactly the same energy as B: (B0000 −
S0000 −K0000) ≡ 0 ≡ (B00ij − S00ij −K00ij)δij. It is natural to define the alternative
4th rank tensor [9] as follows
V := S +K ≡ B +W, (18)
where Wαβµν :=
3
2
Sαβµν − 18(5gαβgµν − gαµgβν − gανgβµ)R2. For a comparison of B
and V , we find that it is more convenient to use (B +W ) instead of (S +K) for the
representation of V . Both V and W satisfy the following properties:
Xαβµν ≡ X(αβ)(µν) ≡ Xµναβ , Xαβµµ ≡ 0 ≡ Xαµβµ. (19)
However, unlike B (see (7)), they are not fully symmetric. Intuitively, referring to
(18), V may contain more non-trivial independent components than B and indeed it
is the case (see section 3.3).
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In our work, we are mainly dealing with expression of the 4th rank which are
quadratic in the curvature tensor. There are four tensors which form a basis with
appropriate symmetries [13], we use
B˜αβµν := RαλµσRβ
λ
ν
σ +RαλνσRβ
λ
µ
σ, S˜αβµν := RαµλσRβν
λσ +RανλσRβµ
λσ, (20)
K˜αβµν := RαλβσRµ
λ
ν
σ +RαλβσRν
λ
µ
σ, T˜αβµν := −1
8
gαβgµνR
2. (21)
They are designed to describe the gravitational energy expression based on the pseu-
dotensor (see (22)) and are manifestly symmetric in the last two indices, i.e., M˜αβµν =
M˜αβ(µν). Then M˜αβµν = M˜(αβ)µν and it also naturally turns out M˜αβµν = M˜µναβ .
3 Energy-momentum tensors of B and V
3.1 Alternative gravitational energy-momentum tensor V
Let xµ = (t, x, y, z) and using a RNC Taylor expansion around any point, consider all
the possible combinations of the small region in vacuum. The total energy-momentum
density pseudotensor is in general expressed as
Tαβ = κ−1Gαβ+(a1B˜αβξκ+a2S˜αβξκ+a3K˜αβξκ+a4T˜αβξκ)xξxκ+O(Ricci, x)+O(x3),
(22)
where a1 to a4 are constants. Since our concern is the vacuum case, so Gαβ = 0 = Tαβ .
Then the first order linear in Ricci terms O(Ricci, x) vanish. The lowest order non-
vanishing term is of second order, and compared to this in the small region limit
we ignore the third order terms O(x3). It should be noted that Tαβ in (2) or (22)
is a pseudotensor, but in the Taylor expansion on the right hand side in (22) the
coefficients of the various powers of x are tensors. As argued in [13], ∂2µνTαβ(0) must
be some linear combination of 4 tensors, here we use {B˜, S˜, K˜, T˜}. From now on,
we only keep the second order term and drop the others. There are two physical
conditions which can constrain the unlimited combinations between {B˜, S˜, K˜, T˜}:
4-momentum conservation and positivity, both considered in the small region vacuum
limit (i.e., not restricted to a 2-sphere).
First condition: energy-momentum conservation. Consider (2) and (22) in vacuum
0 = 4 ∂βtα
β = (a1 − 2a2 + 3a3 − a4)gαβxβR2. (23)
Therefore, the constraint for the conservation of the energy-momentum density is
a4 = a1 − 2a2 + 3a3. (24)
No single element from {B˜, S˜, K˜, T˜} can satisfy (23), however certain linear com-
binations of them can. Eliminate T˜ which is absorbed by B˜, S˜ or K˜, comparing (2)
and using (24), rewrite (22)
tαβ =
[
a1(B˜αβξκ + T˜αβξκ) + a2(S˜αβξκ − 2T˜αβξκ) + a3(K˜αβξκ + 3T˜αβξκ)
]
xξxκ
= (a1Bαβξκ + a2Sαβξκ + a3Kαβξκ)x
ξxκ
= [a1Bαβξκ + a3Vαβξκ + (a2 − a3)Sαβξκ] xξxκ. (25)
Consider all the possible expressions for the pseudotensors (some of which explicitly
included the flat metric), there indeed does appear linear combinations of these three
tensors [6, 8, 9]. Explicitly one can use either {B, S,K} or {B, V, S}.
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Second condition: non-negative gravitational energy. For simplicity, we use a
small sphere. For any quantity at t = t0 we consider the limiting value for the radius
r :=
√
x2 + y2 + z2. The 4-momentum at time t = 0 is
2κPµ =
∫
tρµξκx
ξxκdΣρ = t
0
µij
∫
xixjd3x = t0µijδ
ij 4πr
5
15
. (26)
Thus, from (25)
Pµ = (−E, ~P ) = − r
5
60G
[a1Bµ0ij + a3Vµ0ij + (a2 − a3)Sµ0ij ] δij . (27)
The energy-momentum values associated with {B, V, S} are
Bµ0ijδ
ij ≡ Vµ0ijδij = (E2ab +H2ab, 2ǫcabEadHbd), Sµ0ijδij = −10(E2ab −H2ab, 0). (28)
Here we emphasize that in a small sphere region, the energy-momentum of B or V
is inside the light cone, −P0 ≥ |~P | ≥ 0. Observing (27), basically we are considering
positive energy, B and V already satisfy this condition and the remaining job is to
find {a2, a3}. Equation (28) shows that Sµ0ijδij cannot ensure positivity, since we
should allow for any magnitude of |Eab| and |Hab|. The only possibility for (27) to
guarantee positivity is to require a1 + a3 ≥ 10|a2 − a3|. However, if we insist on the
pure ‘Bel-Robinson momentum’ [7], obviously, we only have one choice a2 = a3.
3.2 Computing energy-momentum and angular momentum
The Papapetrou pseudotensor [9] gives a certain linear combination of B and V :
2κP αβ = 1
9
(4Bαβξκ − V αβξκ)xξxκ. The energy using (26) in a small sphere is
P0 = − r
5
540G
(4B00ij − V00ij)δij ≡ − r
5
180G
B00ijδ
ij , (29)
where (B00ij − V00ij)δij ≡ 0. Before we proceed, one might question that perhaps V
is superfluous since B and V have so far shown no distinction. We claim that B and
V are distinct because they are constructed from different basic quadratic curvatures
{B˜, S˜, K˜, T˜}: B = B˜ + T˜ and V = S˜ + K˜ + T˜ . Strictly speaking, we claim B and
V are fundamentally different [9]. But this raises a question regarding how to see
the distinction clearly. We realize that it is impossible to distinguish B and V if we
consider 4-momentum or angular momentum in a small sphere. So we change our
strategy to evaluating these physical quantities in other quasilocal volume elements
(see Table 1).
We claim B and V can have different energy values, for instance, in a small box
with different dimensions. Here we give a concrete example: let a = b, c = a + ∆
and |∆| << a. The energy for substituting t by B is PB0 ≃ a
5
12
(B00ijδ
ij + 2∆
a
B0033).
Similarly for V , P V0 ≃ a
5
12
(V 00ijδ
ij+ 2∆
a
V 0033). Thus, generally, B and V are separable:
P V0 − PB0 ≃ a
4∆
6
W 0033 6= 0. Following the restriction that the quasilocal energy-
momentum must be a multiple of ‘Bel-Robinson momentum’ [7]. We can fulfill this
requirement using either B or V in a small region for a perfect sphere or a box with
a ≡ b ≡ c, i.e., a cube [11], for a cylinder or half-cylinder we need h ≡ √3a. These are
desirable results, but unfortunately, we lose the distinction between B and V again.
Is it possible to keep a multiple of ‘Bel-Robinson momentum’ and still able to tell
the difference between B and V naturally? Yes, it is possible: we turn to examining
the angular momentum (see, e.g., §20.3 in [8]) which can be defined as follows
Jµν :=
∫
(xµtν0ξκ − xνtµ0ξκ)xξxκd3x, (30)
5
Perfect- Pµ =
4pi
15
t0µijδ
ija5, r ∈ [0, a], θ ∈ [0, π], φ ∈ [0, 2π]
sphere J0m = (0, 0, 0), (J12, J13, J23) = (0, 0, 0)
Ellipsoid Pµ =
4pi
15
(t0µ11a
2 + t0µ22b
2 + t0µ33c
2)abc, x ∈ [−a, a], y ∈ [−b, b], z ∈ [−c, c]
J0m = (0, 0, 0), (J12, J13, J23) = (0, 0, 0)
Hemi- Pµ =
2pi
15
t0µijδ
ija5, r ∈ [0, a], θ ∈ [0, π/2], φ ∈ [0, 2π]
sphere J0m = pi
24
(2t0013, 2t
0
023, t
0
0ijδ
ij + t0033)a
6
J12 = pi
12
(t1023 − t2013)a6, J13 = pi24(t10ijδij + t1033 − 2t3013)a6,
J23 = pi
24
(t20ijδ
ij + t2033 − 2t3023)a6
Box Pµ =
1
12
(t0µ11a
2 + t0µ22b
2 + t0µ33c
2)abc , x ∈ [−a
2
, a
2
], y ∈ [− b
2
, b
2
], z ∈ [− c
2
, c
2
]
J0m = (0, 0, 0), (J12, J13, J23) = (0, 0, 0)
Cylinder Pµ =
pi
4
t0µijδ
ija4h + pi
12
t0µ33(h
2 − 3a2)a2h, ρ ∈ [0, a], ϕ ∈ [0, 2π], z ∈ [−h
2
, h
2
]
J0m = (0, 0, 0), (J12, J13, J23) = (0, 0, 0)
Half- Pµ =
pi
8
t0µijδ
ija4h + pi
24
t0µ33(h
2 − 3a2)a2h, ρ ∈ [0, a], ϕ ∈ [0, π], z ∈ [−h
2
, h
2
]
cylinder J01 = 4
15
t0012a
5h, J02 = 1
18
t0033a
3h3 + 2
15
(t0011 + 2t
0
022)a
5h, J03 = 1
9
t0023a
3h3
J12 = 1
18
t1033a
3h3 + 2
15
(t1011 + 2t
1
022 − 2t2012)a5h, J13 = 19t1023a3h3 − 415t3012a5h
J23 = 1
18
(2t2023 − t3033)a3h3 − 215(t3011 + 2t3022)a5h
Table 1: Energy-momentum and angular momentum in different small regions, t can
be B or V
where t can be B or V . According to Table 1, we observe that the angular momentum
vanishes for a perfect sphere, ellipsoid, box or cylinder. Conversely, both hemi-sphere
and half-cylinder (h ≡ √3a) have non-vanishing angular momentum. In these regions,
the angular momentum values for B and V are distinguishable, i.e., V is no longer
superfluous. Moreover, we remark that for a hemi-sphere, if we substitute t by the
completely symmetric B, J12B =
pi
12
(B1023 − B2013)a6 ≡ 0. However, if consider V ,
J12V =
pi
12
(V1023 − V2013)a6 6= 0 generally. Thus, the difference between B and V
becomes sharply manifest, showing that in this case V is essential, not redundant.
3.3 Counting the independent components of B, V and W
Basically B, V and W are fourth rank tensor and could have 256 components.
However, by symmetry, they only have a relatively small number of independent
components. The counting of the number of independent components of B has al-
ready been done, here we claim there is no common term between B and W , i.e.,
{B}⋂ {W} = {∅}. We verify this statement as follows:
First, we count the components ofB. In principle, B is fully symmetric, by explicit
examination it reduces to 35. There is a formula that directly gives this number. A
kth rank totally symmetric tensor in n dimensional space has Cn+k−1k components.
For our case C4+4−14 = 35. Since B is completely tracefreeness, there are 10 additional
constraints which reduce the number of components. Therefore, we have left only 25
for B (for another argument see [14]).
Next we count the number of independent components of V . V does not have the
totally symmetric property, but as mentioned in (19) that Vαβµν ≡ V(αβ)(µν) ≡ Vµναβ .
This reduces V to 55 components. However, the completely traceless condition gives
two extra constraints indicated in (19) again: V ααµν ≡ 0 ≡ V αµαν . Consequently, we
have 55− 10− 10 = 35 for V .
Finally, we count the number of independent components of W . Observing that
V and W are similar. Referring to (19), there should thus be at most 35 components.
However, take care an extra condition Wα(βµν) ≡ 0 which gives 25 more constraints.
Hence we find 35− 25 = 10 for W .
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3.4 Physical meaning of the fully tracefreeness property
It is easy to check that B and V are fully trace free. We are going to verify that this
mathematical property and the physical conservation laws are in a 1-1 correspondence
in the quasilocal limit. Consider a linear combination between {B˜, S˜, K˜, T˜}, let
A := a1B˜ + a2S˜ + a3K˜ + a4T˜ . (31)
We observe that there are only two distinct traces because of the symmetry:
8Aαµαν ≡ (a1 − 2a2 + 3a3 − a4)gµνR2, 2Aααµν ≡ (a1 + a2 − a4)gµνR2. (32)
The totally traceless condition requires that the above two equations vanish simulta-
neously:
0 = a1 − 2a2 + 3a3 − a4, 0 = a1 + a2 − a4. (33)
The first equation in (33) is the same as (24), which indicates one of the mathemati-
cal conditions identical to the energy-momentum conservation criterion: solving the
equations in (33), we obtain a2 = a3, and this is proportional to the ‘Bel-Robinson
momentum’ requirement found from (27); we have noted that the fully tracefreeness
property is related to some physical conditions.
4 Conclusion
For describing positivity, the Bel-Robinson tensor is the best, and perhaps has been
thought to be the only possibility. We recently proposed an alternative V in such a
way that it shares the same energy-momentum as B does in the small sphere limit.
One might think that B and V cannot be distinguished, but we claim they can. After
examining the energy found from other 2-surfaces such as in ellipsoid, box, cylinder
and half-cylinder (h 6= √3a), we demonstrate that V is not redundant because B
and V are distinguishable. However, if we insist to achieve a multiple of pure ‘Bel-
Robinson momentum’ from Szabados’s argument in Living Review, the distinction
between B and V will be lost once more. For a shape such that both B and V
give a multiple of the pure ‘Bel-Robinson momentum’ we can turn to investigate the
angular momentum. Thus when replacing t by either B or V , indeed they do lead to
different angular momentum values for a hemi-sphere or half-cylinder with h =
√
3a.
Moreover, we emphasize that some of the components of the angular momentum give
a null result for B and a non-vanishing result for V . The reason is based on the
elegant completely symmetric property of B, while V is not fully symmetric. Thus
V can play an essential irreplaceable role.
The tensors B and V are constructed from different fundamental quadratic cur-
vatures {B˜, S˜, K˜, T˜}. As a double check, we counted the independent components
of B and V and find that they are not the same. Finally, we discover the necessary
and sufficient conditions for B and V : fully tracefreeness and conservation of future
pointing non-spacelike pure ‘Bel-Robinson momentum’ in the small region limit.
Acknowledgment
The author would like to thank Dr. Peter Dobson, Professor Emeritus, HKUST,
for reading the manuscript and providing some helpful comments. This work was
supported by NSC 95-2811-M-032-008, NSC 96-2811-M-032-001, NSC 97-2811-M-
032-007 and NSC 98-2811-M-008-078.
7
References
[1] Trautman A 1962 in An introduction to Current Research, ed L Witten (New
York: Wiley) p169-198
[2] Landau L D and Lifshitz E M 1962 The classical theory of fields, 2nd edition
(Reading, MA: Addison-Wesley) (Oxford: Pergamon, 1975)
[3] Bergmann P G and Thomson R 1953 Phys. Rev. 89 400
[4] Papapetrou A 1948 Proc. Roy. Irish. Acad. A52 11-23
[5] Weinberg S 1972 Gravitation and Cosmology, (New York: Wiley) p371
[6] So L L and Nester J M 2009 Phys. Rev. D 79 084028
[7] Szabados L B 2009 Living Rev. Relativity 12 4
[8] Misner C W, Thorne K S and Wheeler J A 1973 Gravitation (San Francisco, CA:
Freeman)
[9] So L L 2009 Class. and Quantum Grav. 26 185004
[10] Senovilla J M M 2000 Class. Quantum Grav. 17 2799
[11] Garecki J 1977 Acta Phys. Pol. B8 159
[12] Carmeli M 1982 Classical Fields General relativuty and Gauge Theory (John
Wiley & Sons)
[13] Deser S, Franklin J S and Seminaea D 1999 Class. Quantum Grav. 16 2815
[14] Gomez-Lobo A G P 2008 Class. Quantum. Grav. 25 015006
8
